The yeast galactose network has provided many insights into how eukaryotic gene circuits regulate metabolic function. However, there is currently no consensus model of the network that incorporates protein dilution due to cellular growth. We address this by adapting a well-known model and having it account for growth benefit and burden due to expression of the network proteins. Modifying the model to incorporate galactose transport and basal Gal1p production allows us to better reproduce experimental observations. Incorporating the growth rate effect demonstrates how the native network can optimize growth in different galactose environments. These findings advance our quantitative understanding of this gene network, and implement a general approach for analysing the balance between growth costs and benefits in a range of metabolic control networks.
INTRODUCTION
The galactose gene (GAL) network in Saccharomyces cerevisiae is a model system for the study of transcriptional regulation by galactose and other sugars. The network is composed of: 1) regulatory proteins, such as the transcriptional repressor Gal80p, activator Gal4p, and inducer Gal3p; 2) transporter, Gal2p that imports galactose into the cytoplasm; and 3) the enzymes that metabolize galactose, such as Gal1p, Gal7p, and Gal10p, which convert galactose into glucose-6-phosphate through the Leloir pathway. Gal4p is responsible for activating the expression of all GAL genes except GAL4. However, in the presence of non-inducing and nonrepressing carbon sources (such as raffinose) the repressor Gal80p binds to Gal4p, inhibiting the transcription of the metabolic enzymes and decreasing their protein abundance (the OFF state). When galactose enters the cell it binds to Gal3p which sequesters Gal80p, freeing Gal4p to activate P GAL promoters increasing the expression of metabolic enzymes (ON state) ( Fig.   1 ). Gal1p also has a regulatory role by binding Gal80p, although with weaker affinity than Gal3p [1] .
Several quantitative models on the galactose network are available [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , but there is no consensus model. Venturelli et al [8] combined raffinose to galactose induction experiments and mathematical modeling to demonstrate that the galactose network shows bimodality in protein expression (with a subpopulation of cells persisting in the OFF or ON state) due to a bistability in the model. In contrast, other studies [3, 5, 15] found that the wild type (WT) strain may not produce monostable responses, but that engineering the strain without the native P GAL80 promoter (thus removing feedback from Gal4p to Gal80p) results in bistable responses to galactose.
During the 9
th q-bio Summer School, we worked on a project with the goal of fitting a mathematical model to experiments [15] and investigate the effects of adding cell growth. We chose the Venturelli model [8] because of its focus on reproducing the response to galactose OFF/ON transition in the absence of glucose, and its relative simplicity compared to [2, 5, 10, 11] . Here, we present an updated version of the model, and show how the incorporation of growth effects can help optimize metabolic enzyme expression and growth rate for various galactose conditions.
MODEL
To reproduce some of the galactose induction experiments [15] we used all equations and parameters from [8] , except for two modifications: 1) introducing a basal Gal1p production rate, 2 α 0 G1 , to account for Gal1p induction fold changes measured in the experiments; 2) substituting the galactose activation function, α(Gal), with a saturating function, α s of the form:
where s indicates the concentration of galactose outside the cell, C is the maximal transport rate, proportional to the amount of membrane transporters like Gal2p, and K M is the Michaelis constant of the facilitated diffusion reaction [16] (its value taken from [17] ).
For the WT strain the differential equations for the protein concentrations are:
Where:
For the ∆P GAL80 strain, the production terms for [G80] in equation 2 are replaced with constant synthesis α G80 such that:
Please refer to the Supplementary Section for the meaning and value of each parameter, p. The schematic diagrams for the two models are shown in Figure 1 .
METHODS

Strain generation
S. cerevisiae K699 was used as the base strain for the experiments. The "wild type" strain used (WT, MFSC73) had Gal1p replaced with a Gal1-yCCFP fusion. yCCFP is a yeast enhanced version of cyan fluorescent protein, obtained from the O'Shea Lab ( [18] ). Fusion se-
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quences were constructed by double fusion PCR [19] . The fusion product was combined with 500bp sequences homologous to the target gene, and transformed with hygromicyn B resistance (HygR). For the negative feedback knockout strain (∆P GAL80 , MFSC121) the native GAL80
promoter, P GAL80 , was replaced with the methionine repressible P M ET 25 promoter (integrated with G418 resistance). 500µM of methionine resulted in intermediate expression of Gal80p (see [15] p.125).
Galactose induction experiments
For galactose induction experiments, the strains were grown at 30
• C in synthetic complete medium with 2% raffinose. They were diluted to OD 600 =0.01 and induced in SC with 2% raffinose and a given galactose concentration for 8 hours. Fluorescence measurements were taken using a BD LSRII flow cytometer. Signal acquisition and processing is detailed in [15] (pp. 106-110).
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Model fitting
For galactose induction fitting, the model curves were generated by integrating trajectories of Eqs. (2),(4) from an ensemble of initial conditions to steady-state. The mean, m m and standard deviation σ m of the G1 fold change at steady state were compared to those in the experiments (m e , σ e ), using the error function, E = 2 s=10 −5 (|m m , −m e | + |σ m − σ e |). A coarse parameter sweep was first performed, and the region that minimized the error (Fig. 6, 7) was subsequently swept using a finer resolution (Fig. 8) to generate the final parameter sets shown in Fig. 2 .
Sensitivity analysis
To calculate the relative sensitivity,S 
Growth rate feedback analysis
For the growth feedback (GFB) models, we rely on simple assumptions from [20] to derive the growth rate law r(S, G), given in Eq. (5) (see Supplementary Materials). This was substituted into the γ term of equations (2), (4). Stochastic simulations using the Gillespie algorithm were carried out in Copasi [21] . Unless otherwise stated V = 45µm 3 , R ext = 0.0050min. −1 , ρ = 0.2, and K = 15 was assumed. The resultant trajectories were used to compute P (G|S). The Gal1p
steady state values with their respective error were inserted into r(S, G) for different values of external galactose. In order to compute the mean growth rate, the probability distribution of Gal1p concentration obtained from the simulations was inserted into Eq. (4). To compute the optimal growth rate, r opt , and the relative maximum growth rate accessible to the system, Eq.
(13) is minimized in P (G|S) to obtain the ideal P (G|S) that in turn defines r opt .
RESULTS
Fitting the galactose response of wild type and Gal80 promoter swapped strains
Flow cytometry experiments for WT and ∆P GAL80 strains characterized fold changes in Gal1p-yCCFP as a function of galactose induction ( Fig. 2A) . For the WT strain galactose induction leads to a near 30-fold induction of Gal1p ( Fig. 2A , red points), in agreement with separate measurements in similar conditions [22] . The distribution of G1 fold changes is broad for high
galactose, but appears unimodal at all galactose levels (see [15] pp. 116-121). The parameter set (C = 17.9 nM/min, α 0 G1 = 0.281 nM/min) that minimized the error of the fit demonstrated bistability at s = 0.01% ( Fig. 2A , green error bar), but we found nearby parameters (C = 22.1 nM/min, α 0 G1 = 0.412 nM/min) that were monostable for all galactose values, and yet not very far off from the experimental data ( Fig. 2A, blue curve, Fig. 6 ). These models fits overestimate the saturation of Gal1p response at higher galactose concentration, partly due to an aberrantly low G1 fold change at s = 0.005% in the WT experiment.
For the ∆P GAL80 experiment, the Gal1p response occurs at roughly the same galactose level, but the Gal1p fold change is noticeably reduced relative to WT (compare Fig. 2A,B ). There is a broad range of Gal1p expression at low galactose concentrations (Fig. 2B , red error bars) that indicates bistability (see [15] p. 121). Using the parameter values found in the WT fit (C = 22.1 nM/min, α 0 G1 = 0.412 nM/min), we fit the ∆P GAL80 model to the experiment by varying the basal Gal80p production rate, and found that α G80 = 0.994 nM/min best reproduced the data.
This parameter set recapitulated the decreased fold change in ∆P GAL80 relative to WT, and also produced bistability at lower galactose (Fig. 2B , blue curve and error bars).
Sensitivity analysis
To characterize which parameters most affect model output we performed local sensitivity analysis for all variables of the two models at three galactose concentrations (Figures S1-S4). The G1 steady state is particularly sensitive to parameter perturbations at s = 0.0015%, because the system is strongly responding to galactose and less stable in transitioning from the OFF to the ON state. For s = 10%, G1 is more stable than for other g levels, since G1 becomes sensitive only to its own production, α G1 , and degradation, γ G1 , rates, whose impact on G1 increases with G1 and G4 concentrations, which in turn increase with galactose concentration. As expected, when the GAL80 promoter is removed, G1 is no longer sensitive to G80 parameters, except for α G80 and its degradation rate. The strongest negative effect on G1 comes from the Gal80p production rate terms. For the ∆P GAL80 strain, G1 is only sensitive to α G80 , as α G80 and α 0 G80 are not part of this model. While for the WT strain, G1 is only sensitive to α G80 and α 0 G80 because α G80 is not part of this model. G1 appears to be more sensitive to galactose concentration when P GAL80 is removed than the WT strain, however, this is only because the unperturbed value of G1 at steady-state, x 0 , is lower for the ∆P GAL80 strain than for WT, while the local difference x pert,p − x 0 is comparable for both strains. Finally, the degradation rates of Gal1p, Gal80p, and of the complex formed by these proteins, have a particularly strong effect on Gal1p concentration, with its sensitivity to γ G1 being particularly high for high galactose levels, while its sensitivity to γ G80 and γ C81 is null at high galactose, as Gal80p's unbound concentration is depleted at that galactose level. Interestingly, for s = 10 −5 % Gal1p is barely sensitive to γ G1 for the ∆P GAL80 strain, when compared to the WT strain. This is most likely because, for the ∆P GAL80 , Gal80p is about 3× as high as in the WT strain, leading to a concentration of Gal1p 3× lower in the ∆P GAL80 , and thus to a lower sensitivity to its own degradation rate.
Growth rate feedback
To explore the influence of the cell growth rate on the galactose network, we first define how the growth rate is affected by sugar and the burden of expressing metabolic enzymes. Assuming the transport function from Eq.
(1) and a relation for how much energy from galactose can be used to make metabolic enzymes (see the Supplemental Materials), we derive the following
Sensitivity (%) contribution of the galactose network to the growth rate:
where S is the external galactose, G = G1 is the amount of metabolic enzyme, and ρ is the ratio between the cost of producing the enzyme and the maximum growth rate benefit achieved by burning galactose.
In a stochastic nutrient information processing setting [20] , the mean growth rate can be defined as:
where P (S) represents probability of the cell sensing an amount of galactose S, and P (G|S) the probability of G responding to S. The mutual information that flows between the external galactose concentration (S) and the relative concentration of Gal1p (G) is:
where P (G, S) is computed from the steady state values obtained from time traces of the Gillespie simulations of the models, and P (S) is considered to be constant. I(G, S) can be interpreted as a measure of the precision of the network in reading out the amount of sugar in the environment.
To see how this formulation affects the galactose network, we substitute Eq. (5) into each γ term of equations (2),(4). From the sensitivity analysis (Fig. 3) , we know Gal1p will be sensitive to this change. Fig. 4A shows the galactose, Gal1p fold change, and growth rate superimposed on the growth rate law Eq. (5), assuming ρ = 0.2, for the WT and ∆P GAL80 , with the growth feedback (GFB) and without it (nGFB). For the ∆P GAL80 cases the growth feedback does not have much of an effect on Gal1p induction due to the bistable response in this model. For WT the GFB causes a very small decrease in G1 fold change for low galactose, with a further decrease at high galactose, reflecting the fact that the growth rate law causes an additional negative feedback for G1 in Eq. (2). Figure 4B shows that the WT GFB model has higher growth rates than the other models at all galactose levels, as it is able to increase mutual information, I(G, S), and stay closer to the optimal induction curve in Fig. 4A (see between the external galactose concentration and the relative G1 expression (Eq. (7)). The average growth rate r has units of 10 −3 min −1 . The red line is the optimal growth rate, a solution to the optimization problem given by Eq. (13) . B,C: The effect of cell volume on the average growth rate (B), and mutual information (C).
ability to precisely regulate the expression of G1. From Fig 5C, we can see that the feed back model is able to read out the environment more accurately by lowering the mutual information.
Furthermore, introducing a dynamical interaction between gene expression and growth rate in the GFB model enables the system to better approach the optimal growth rate even at large V , although with diminishing returns.
DISCUSSION AND CONCLUSION
Our modification of the Venturelli model [8] enabled us to fit the large, monostable Gal1p response to galactose seen in the wild type strain. Venturelli found that knocking out the GAL1 and GAL3 feedbacks was sufficient to abolish bistability, but we show that it is not necessary:
saturating activation by galactose and basal production of Gal1p can also achieve this effect.
Nevertheless, fitting the wild type data shows that the model parameters (C, α 0 G1 ) are actually quite close to the bistable regime ( Fig. 2A) . Acar et al demonstrated that the transition from bistable to monostable responses can be induced by pre-growing cells in galactose even tens of hours prior to the induction from raffinose experiment [3] . The fact that small changes in (C, α 0 G1 ) can control this transition suggests that Gal1p and Gal2p (proportional to C) may be responsible for persistent memory of the ON state due to bistability [24] , since they are both known to respond to galactose. It is also in accord with reports that Gal1p [8] or Gal2p [25] can mediate the transition from monostable to bistable responses.
The model could be further refined by testing this prediction in MFSC strains [15] with additional basal Gal1p production regulated by an inducible promoter. Our sensitivity analysis indicates this will have a significant effect at lower galactose concentrations. It also predicts a strong effect of Gal1p degradation in the ON state dominate the effects of dilution due to growth. As such, it would also be useful to extend the observations to other galactose inducing conditions (like galactose induction from glycerol) that would produce more distinguishable growth rates for model testing.
Although our model is not the first model to incorporate growth into the galactose network [10] , it is the first to do so via the mechanism of protein dilution (also used in [26] ) and analysed in the context of optimizing information transmission through the galactose network [20] .
Incorporating the growth rate feedback into the models improves optimal growth performance especially in the WT models since it can transmit information about the galactose with higher fidelity (no bistability). This analysis framework extends to other growth rate laws r(S, G), including for instance multiple sugar sources [10, 27, 28] , or effects from other proteins expressed and regulated indirectly by the sugar consumption [29] . In as much as all of our analysis applies only to steady state, a natural extension of the work would be to consider adapting it to account for growth in dynamic sugar conditions [6, 12, 14] that are very relevant for the competitive environments of natural yeast populations.
We hope the model and analysis presented here will inspire further development, and we thank the participants and organizers of the Ninth q-Bio Conference for enabling this collaboration.
[1] Tali Lavy, Hayato Yanagida, and Dan S Tawfik. Gal3 binds gal80 tighter than gal1 indicating adaptive protein changes following duplication. Molecular biology and evolution, page msv240, 2015. Parameters used on the model, both for the WT and the ∆P GAL80 strain. α 0 G80 and α G80 are only used in the WT model, while α is only used in the model where P GAL80 is removed.
Analysis scripts
Analysis scripts for fitting, sensitivity analysis, and growth feedback are attached in Supplementary Data Files or available here. 
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Growth feedback derivation and analysis
Here we derive the growth rate law from equation 5. This term defines the contribution of the galactose metabolism to the overall cell growth rate. The cell growth rate takes into account a part relative to the Galactose metabolism (r(s, g)) plus an external function, R ext , which sums up other processes that contribute to cell growth. R ext can be considered constant. To use the currently available substrates, the cell has to express the relevant enzymes involved in metabolizing those substrates. In this context it is possible to assume there is one substrate at concentration s (external galactose) and one relevant metabolic enzyme at expression level g (G1 is the kick stater of the glycolisis of galactose). The cell will then grow at some rate r(s, g), which depends both on the state of the environment (s) and on the cell's internal state (g). We can assume that the growth rate of the cell is a tradeoff between two effects: 1) growth depends G1 expression, so that the available substrate (galactose) can be metabolized -thus growth should be faster if there is either more substrate or more enzyme; 2) producing the enzyme itself consumes resources, which will slow the growth [29] . In the limit of low substrate concentrations, this cost can become dominant, and growth would stop if the cell tried to produce too many enzymes. The goal of the network that reads out the substrate is to fine regulate the amount of expression of g in order to have the right number of enzymes necessary to consume the amount of substrate available s.
At steady state the influence of the galactose network on the growth rate can be expressed as:
where s is the amount of external galactose, s in is the amount of nutrients inside the cell, s a quantifies the amount of sugar in the cell available for growing. The total amount of galactose available in the cell at the steady state is given by the amount of sugar it gets from the environment minus the amount of sugar that is consumed by g.
Solving eq. (8) for s a = f (s in ) one can directly express the growth rate as a function of the external galacotse concentration s: r(s in , g) = g(ξ/2 − µ) + s in /2 + ξK − ξ 2 (k + g − s in ) 2 + 4Ks in
Rescaling the system to:
we get the rescaled growth rate law in units of ξK:
r(S, G) = G(1 − 2ρ) + S + 1 − (G − S) 2 + (1 + G + S)
where now the only parameter is ρ = µ ξ , which represents the ratio between the cost of making the enzyme and the growth rate advantage from burning galactose.
Since the overall growth rate of the cell must also take into account the contribution other mechanisms that contribute to growth, R ext , which we consider to be constant. We set R ext = 0.0050 to account for the doubling time shift from 110 mins. in raffinose to 120 mins. in galactose [15] and K = 15 to account for the G1 fold change data.
The mean growth rate is defined as: r = dSP (S) dGP (G|S)r(G|S) (12) where P (S) represents how the input signal fluctuates, or in other words, what is the probability distribution such that the cell gets s level of galactose.
Based on an idea from Bialek [20] , we can ask: how precisely must G track S in order to grow at a certain rate, r ? This optimization problem can be solved using the Lagrange multipliers to define a function:
F[P (G|S)] = I(G, S) − λ r − µ(S)dS dGP (G|S) (13) where λ and µ(S) are the Lagrange multipliers. To get the optimal read out system we need to minimize it with respect to P (G|S). For a given r , this defines the optimal read out system P (G|S) such that the growth rate is maximized. Or rather for given I(g, s) it is possible to define the maximum growth rate accessible r opt .
We can use this tool to compare models where the dilution rate γ is considered constant and where it changes dynamically with the growth rate. Changing the number of molecules in the cell, i.e., the amount of intrinsic noise of the network, we want to see how these two models perform in terms of growth rate. Indeed, we can use the parameter N as a proxy for the intrinsic noise of the network: when N is small the noise is high and vice-versa.
What we expect is that the negative feed back of G1 on its own expression keeps the noise low also when the initial number of molecules in the cell is small. When γ is constant (nGFB) the noise in the expression of G1 is large when N is low and decreases for increasing N . Note that both models tend to the optimal at the high limit of N . Our aim is to compute how the gal network reads out the environment and compare it with the optimal case. 20
